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ABSTRACT. Necessary and sufficient conditions are given for an integrable integer-
valued function to be the multiplicity function of a generalized multiresolution anal-
ysis in L2(R"™), and also for it to be the multiplicity function of an expansive matrix
dilation wavelet in L2(R™). For possible multiplicity functions, an explicit construc-
tion is given for the GMRA with a tight frame, and also for an associated MSF
wavelet.

INTRODUCTION

In the past ten years, wavelets have emerged as an increasingly powerful tool of
harmonic analysis on R". Wavelets themselves have been studied primarily using
tools of classical Fourier analysis. In this paper we show some of the ways in which
more general techniques of abstract harmonic analysis can be exploited to give new
insights into wavelets. In particular, we use the multiplicity function of Stone [S]
and Mackey [M] as a tool for producing and analyzing wavelets.

Many examples of wavelets have been produced using the related concept of a
multiresolution analysis. However, well-known examples due to Journé and others
([DL]) show that not all wavelets have an associated MRA. Indeed, Dai, Larson
and Speegle ([DLS]) have shown that single wavelets can be produced in L*(R")
for any dilation d4 (where A is an expansive matrix) and any dimension n, yet
a result in [BCMO] proves that MRA wavelets are possible only if |det 4| = 2.
In [BMM] we introduced the concept of generalized multiresolution analyses, and
showed that together with a condition on the multiplicity function we call the
consistency equation, they give a necessary and sufficient condition for the existence
of a wavelet.

In Section 1 of this paper we further explore the properties of generalized mul-
tiresolution analyses. ~ We show that every GMRA whose multiplicity function
is finite a.e. has a tight frame, so that this apparently more general structure is
the same as the generalized frame multiresolution analyses of Papadakis ([P]), and
includes the frame multiresolution analyses of Benedetto ([B]). We then go on to
give a necessary and sufficient condition for an integrable integer-valued function
on the n-torus to produce a GMRA in L?(R™). Our proof gives an explicit method
for constructing both the GMRA and its frame.

In Section 2, we combine our work on GMRA’s with the results in [BMM]
to give two conditions on an integrable integer-valued function that are necessary
and sufficient for it to produce a wavelet. For dilation by 2 wavelets in L?(R!)
the multiplicity function has been shown ([W]) to equal the dimension function of
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Auscher ([A]). Because of this, our work in Section 2 generalizes some recent results
of Rzeszotnik and Speegle on dilation by 2 wavelets in L*(R') ([RS]).

Many of the techniques of this paper can be employed in studying multiwavelets
and wavelets on a general Hilbert space (see [BMM)]). However, in this paper we
will only consider single wavelets on L?(R™) and its subspaces.

GENERALIZED MULTIRESOLUTION ANALYSES

We view the lattice Z" as a group I' of unitary operators on L?(R") acting by
Yof(z) = f(x 4+ n). We parametrize I' = R/T by [—7, 7)™ with addition mod 2.
For any n X n integer matrix A, all of whose eigenvalues have absolute value greater
than 1, we let 54 be the unitary operator on L*(R"™) given by

[64())(x) = | det(A)|2 f(Axz).

We note, for later use, that a simple calculation shows that the actions of I and
04 are interrelated by the formula 5;1%15 A = Yan- In this context we recall the
following definition, introduced in [BMM]:

DEFINITION. By a generalized multiresolution analysis(GMRA) we shall mean
a collection {V;}>_ of closed subspaces of L?(R") that satisfy:

(1) V; CVjyy forall j.

(2) 54(V) = Vya for all

(3) UV is dense in L?(R™) and NV; = {0}.

(4) Vj is invariant under the action of T

If the closure of UV} is a proper subspace of L?(R™) we say that the collection
{V;} is a subspace GMRA.

The definition of a GMRA differs from that of an MRA in condition (4): an
MRA replaces (4) with the stronger requirement that Vg contains a scaling vector
whose translates form an orthonormal basis for V5. Although a GMRA need not
have a scaling function, by studying the action of I" on the invariant subspace Vj,
we will be able to produce a tight frame to take its place.

Let {V;} be any GMRA, and write p for the unitary representation of the group
T" given by its action on V{. By the spectral theorem for commutative groups, p is
uniquely determined by a projection valued measure on T. This projection valued
measure is in turn uniquely determined by an ordinary measure class on T and
a multiplicity function m : [ {00,0,1,2,---}. (See, e.g. [He], [M], [Ha], [S].)
We show in [BMM] that the measure class associated with a GMRA in R™ must
be absolutely continuous with respect to Lebesgue measure. Thus the multiplicity
function, which roughly measures how many times each character in T occurs in 0,
completely characterizes the representation for a GMRA in L?(R"). If the GMRA
is an MRA, translates by I' of the single function ¢ give an orthonormal basis for
V. Thus in this case, the representation p of I" on Vj is equivalent to the regular
representation of I', which acts by translation on [?(I"). The regular representation
is known to (weakly) contain every character exactly once, so in the MRA case
we have m = 1. We will see that many other multiplicity functions are possible
for GMRA’s. We will restrict our attention to the case where m is finite almost
everywhere.
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To use the information the multiplicity function provides about p, we form the
direct sum L*(S1) & L?*(S2) @ - - -, where S; = {x € [-m,m)" : m(x) > j}. Write
p for the representation of I' on L?(S1) & L*(S2) @ - -+ given by py(f1, fo, - ) =
(et<7r> f1,€t<7> fy ... ). The properties of m guarantee the existence of a unitary
map J : Vy — EB;";lLQ (S;) which intertwines the actions of I" on the two spaces, so
that Jp, f = p,Jf for all f € Vi. (See [Co] for more details.)

We can use the map J to produce a tight frame for the V, space of any GMRA:

DEFINITION. A set of vectors {¢,, : n € Z} is called a frame for a subspace
V C L?(R") if there exist positive constants C; and Cy such that for all f € V,

CillfIP <D 1< fron > < Co|l fI*

neZ

It is called a tight frame if C7; = Cs.

Let ¢; = J *(xs,) (where xg, stands for the element of @2, L?(S;) whose only
nonzero component is yg, in L*(S;)); if S; = 0 we take ¢; = 0. We have the
following Lemma, the L?(R!) case of which appears in ([Co]):

LEMMA 1.1. If {V;} is a GMRA whose multiplicity function is finite almost
everywhere, then {¢;(-+7) : j > 1,v € '} is a tight frame for V.

Proof. Let f € Vy. For any g € L*[—m,7)" and v € T, let ¢,(g) be the v Fourier
coefficient of g. Then

DD I iod > P =) 1< I(f)ibrxs, > |

yel j=1 vel j=1

=2 > le,(I(P)xs)P

j=1~el

=> II7(H)xs, II?
j=1

|

|

[ 7(HI1?
f

I2.

This tight frame plays the role in a GMRA of the orthonormal basis given by the
scaling function of an MRA. Because we cannot in general write down an explicit
formula for the operator J, we cannot always explicitly construct the tight frame.
However, we will later see cases in which explicit construction is possible. In any
case, this frame satisfies many of the familiar properties of the scaling function. In
particular, we will need the following;:

LEMMA 1.2. 31 ¢i(2 + 217)d; (2 + 2my) = {x% (ff)ii;;:j for almost all z €
[, m)".

Proof. Both sides can be considered as periodic functions on R™, so that it will
suffice to show they have the same Fourier coefficients. Accordingly, let ¢, be the
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v Fourier coefficient of the L2(T') inner product < ¢;(z + 27-), ¢;(z + 27-) >,
considered as a function on [—m, 7]™. Then

o= [ S e+ 21y (o 2 )
[77!-77‘-]77,

y'er

-y e (2)d, () da
~'eT [=m, 7] 427y’
=< q;i, ei<7">q3j >
=< i, pyp; >
:< XSiaﬁ’yXSj >
 feylxs) iti=

0if i # .

To produce m and guarantee a frame, we have only used the action of I" on V}.
Now, we will analyze m further by using d4 to conjugate p up to Vi. Let Wy be
the orthogonal complement of Vj in V7.

LEMMA 1.3. Ifm is the multiplicity function associated with a GMRA in L*(R™)
then m must satisfy

(1) Z m(y) > m(zx)

ye[—m,m)":ATy=x mod 27

for almost all y € [—m, m)™.

Proof. First we claim that V} is invariant under the action of I on L?(R"). For, if
f = dag is any element in Vi, with g € Vj, then v, f = 7,049 = 04(6 " 1n04)g =
d4Yang € Vi. We write p! for the action of I restricted to V;. Then 621/)16,4
is a representation equivalent to p! which acts on V. Since 5;1%5 A = YAn, W€
can change variables to see that the projection valued measure p! associated with
p' has multiplicity function m!(x) equal to the sum of the multiplicities of all
the characters ¢ such that ¥(Avy) = x(v) for all v € T. Since the characters
are points in [—m, 7)™ which act by ¥(y) = €*<7"¥>_ this sum is over all 1) with
< Y, Ay >=< x,7 > mod 2xw. Therefore, if we let o be the representation of T’
on Wy, with multiplicity function m,, the decomposition V; = V & W, translates
into the following information about the multiplicity function m for almost all

n

X € [-m, ™)™

> m(¥) = m(x) + mq(X)-

Ye[—m,m)":ATp=x mod 27
The statement of the lemma then follows from the observation that m(x) > 0.

We would like to determine exactly which integrable functions m : [—m, 7)™ —
{0,1,2,---} are multiplicity functions for a GMRA. Lemma 1.3 gives the first con-
dition m must satisfy. To describe the other condition, we will need some notation.

For any set G C [—m,m)", we let G = {z € R" : & = y + 27y for some v €
I'and y € G}. Recall that S; = {z € [-m,m)" : m(z) > j}. Following work of
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Rzeszotnik and Speegle ([RS]), we let A =52, (AT)PS,. Finally, for each x € R,
we let A, = {y € A:y =2 mod 2r}. The second condition on m is then

(2) D xalz +2m) = m(a).

yerl’

We will show that taken together, conditions (1) and (2) give necessary and suf-
ficient conditions on m for the existence of an associated GMRA. We will prove
sufficiency by constructing a set E C L?(R™) such that {V;} with ‘//\; = L*((AT)E)
forms a GMRA. We will need the following lemma, which gives the conditions such
an F must satisfy.

LEMMA 1.4. Let E be a measurable subset of R™ sucﬁ that E C ATE and
> er XE(z + 2m7) is integrable. Then {V;} defined by V; = L2((ATYE) is a
(subspace) GMRA with multiplicity function m(z) = 3° cp xp(x +27y). It is a
full-space GMRA if and only if in addition,

Upez(AT)PE = R"
up to a set of measure zero.

Proof. Properties (1), (2) and (4) in the definition of a GMRA are immediate.
Also, the representation p of I" on Vj is equivalent via the Fourier transform to
multiplication by e/<*7>on L?(E). Thus, for x € [—m, )", m(x) = > er XE(T +
277y).

To see that N;ezV; = 0, it will suffice to show that G = Njez(AT)? E has measure
0. Since det(A) > 2 and G is invariant under AT, we have 2u(G) < u(ATG) = u(G),
so that G must have measure 0 or co. Since m is integrable, u(G) < u(E) = [m <
0.
It remains to show that a collection {V}}, that satisfies all the GMRA conditions
other than the closure of the union is dense, is a full-space GMRA if and only if
Upez(AT)P(E) = RM. Thus, let H be the closure of the union of the V;’s, and note
that H is invariant under dilation by A and translation by every element of R,
(It is invariant under every dyadic translation.) Write 7 for the representation of
RYN determined by translation on H. Note that H = L?(RY) if and only if 7 is
equivalent to the regular representation of R .

Suppose first that {V;} is not a full-space GMRA, i.e., that 7 is not equivalent
to the regular representation. This implies that there exists a set ' C RV having
positive measure such that f(x) = 0 for every z € F' and f € H. Since H is invariant
under dilation by A, it follows in fact that F' may be chosen to be invariant under
dilation by AT. We then have that yg((AT)P(x)) = 0 for every = € F, implying
that (AT)P(z) ¢ E for every x € F and every integer p. Hence, F is disjoint from
u(ATP(E).

Conversely, Suppose F© = R" \ U(AT)P(E) has positive measure. Then, any
function g, whose Fourier transform is supported on F, will be orthogonal to H,
implying that 7 is a proper subrepresentation of the regular representation.

THEOREM 1.5. Let m : [—-m,m)" — {0,1,2,---} be an integrable function.
Then m is the multiplicity function for a (subspace) GMRA in L*(R™) if and only

if
(1) > m(y) = m(x)

y€[—m,m)":ATy=x mod 27
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(2) > xale+2my) = m(z)

~ver

for almost all x € [—m,m)™. It is the multiplicity function for a full-space GMRA if
in addition
Upez(AT)PA =R"

up to a set of measure zero.

Proof. First we suppose m is associated with a GMRA. Lemma 1.3 then proves that
equation (1) holds. To prove (2), fix a j and an « with m(z) = j. Thenz € S; C S,
for i < j. By Lemma 1.2, for each i < j, 3y, such that ¢;(z + 2m7y;) # 0. Again by
Lemma 1.2, these translates = + 27y, 2 + 272, -+ ,x + 27y; can be taken to be
distinct. R R R

We know that we have Vy C V,, for p > 0, and also that V), is spanned by
functions of the form ¢<(A")""7>¢, ((AT)=Pz). Thus, since ¢; € Vo, we have
for any y € [—m,m)", ¢u((AT)Py) =0 Vk = ¢;i(y) = 0. Applying this to
y = x+27m7y; we get for each 1 < i < j, an#’ > 1 such that ¢y ((AT) P (x4277;)) # 0.
This in turn implies that = 4 277y; € (AT)?S; c (AT)PS,; for each p > 0 and each
1 <4 < j. We have thus found j distinct translates of z in A.

Now to prove the converse direction of the theorem, suppose m satisfies equations
(1) and (2). Let S; = {z € [-m, 7)™ : m(x) > i} as before. By equation (2) we
know that each = € S; has ¢ distinct translates z + 27y, x 4+ 27y, -+, + 277y
in A. We will prove that there is a GMRA associated with m by building a set
E =U72,E; C R" such that E C ATE, E; is 2m—translation congruent to .S;, and

the E; are pairwise disjoint. Our GMRA will then be defined by V,, = L2((AT)PE)
for p € Z.

First we build a set E; such that F; C ATE; and E; is 2r—translation congruent
to S1. Let F be an open neighborhood of the origin in R™ such that F C [—m, 7)"
and F C ATF. Such a neighborhood can be found by putting A7 into canoni-
cal form as a complex matrix, applying the resulting change of basis matrix to a
neighborhood of the origin in C”, and then taking real parts. This set F' has the
property that Upez(AT)PF = R™. (see e.g. [GH]). Let E1 o = ANF. We use Ey g to
recursively define a partition of S; as follows: Let S1 0 = E o, and for j > 1, define
517]' = {(E IS \Ui;llsl,k AL N (AT)jEl’O 7& (Z)} By equation (2), U;?‘;OSL]- = 51.

We will use the partition {S; ;} to recursively construct disjoint pieces E; ; of
Eq, with Eq ; 2m—translation congruent to S; ;. We already have I/ g = S1,9. Now
suppose we have constructed Ejj for k < j. If Sy ; is empty, take Ey ; = 0. If
x € Sy, then there is a translate of z in AN (AT) By o C AT(AN(AT)I71E, o),
soz = ATz for some z € AN (AT)I=1E; o. If we let y € [—7, 7)™ be congruent to z
mod 27, then y € 51 j_1, since if y € Sy for k < j — 1, we would have z € Sy j41,
contradicting z € Sy ;. If there is more than one z with the properties we have
described, let y, be the point of smallest absolute value in 57 ;1 with ATy, =2
mod 27. Let y; + 271 4, be the translate of y, in E; ;_;. Choose 71, € I so that
T+ 2171 = AT (yp + 2771, ). Take By j = {(z 4+ 277y,.1) : @ € S1,,}-

We finally let By = U2, Ey ;. Since Ey ; is 2m—translation congruent to Sy ; we
immediately see that F; is 27-translation congruent to S;. Since E; ; C ATELj,l
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for j > 0, and E1 o C ATE;o we have that By C ATE;. This completes the
construction of Fj.

Now suppose we have constructed pairwise disjoint sets E1, Es,--- Enx_1 such
that E; is 27-translation congruent to S;, and UN"E; € AT(UNS'E;). If Sy =0,
then S; = () for all j > N and we take F; = () for j > N as well. If not, we proceed
to construct Ey from U E by a technique that is similar to the method used

to build E; from F . Thus we take En g = UkzllEk. Note that for N > 1, En
will be used to construct Epn, but will not be contained in Ey. As before, we first
recursively define a partition of Sy. Since En  is to be disjoint from Epn, we let
Sn.o =0. Forj > 1, define Sy ; = {z € Sy\ (U} Sn k) : card(A,N(AT) Ey ) >
N}. By equation (2), U2, Sn,; = SN

We will use the partition {Sn ;} to recursively construct disjoint pieces E ;
of Ey, with Ey ; 2r—translation congruent to Sy ; for j > 0. First we construct
Eni.If x € Sy 1 then there are at least IV translates of x in Aﬂ(AT)EN,O. However,
since in each E; there is at most one point congruent to x, there are at most N —1
translates of x in Eyo = Uiv;llEk. Choose v v € I' so that x + 27y, n is the
smallest in absolute value among all the translates of = that are in AN (AT)En
but are not in Eno. Let En1 = { + 2my, N : © € Sy}, and note that Ey is
disjoint from En g.

Now take j > 2, and suppose we have constructed pairwise disjoint sets EN i for
k<j. Ifzxe SN]7 then there are at least N translates of x, call them z1, IQ,' in
AN(ATY Eno Cc AT(AN(AT)I71EN (). We claim that (AT) w1, (A7) Ly, -
are all in the same congruence class y mod 2. If not, when we apply equation (1)
to x we get at least two nonzero terms on the left-hand side. If we let g1, g2, - - - g be
the distinct points in [—, 7)™ which correspond to these nonzero terms, equation
(1) gives Zle m(g;) > N. Since each E; contains at most one translate of any
given point, each ¢; has min(m(g), N — 1) translates in Eno = Uff:—llEk. So,
since Zle min(m(g;), N — 1) > N, there are at least N translates of the ¢;’s in
En . But, since x ¢ Sy 1 we know that AN (AT)Ey o cannot contain N different
translates of x.

If y, is the single congruence class of (AT)~lzy, (A7) txy, - then we have
shown that the cardinality of A, N(AT)I1Ey is at least N, so y, € Sn j_1. Let
Yo + 277y, nbe the translate of y, in En ;_1. Choose v, n € I' so that AT(yw +
21y, . N) = T+ 2Ty, . Since Yy, + 27y, N ¢ Enpo and Eno C AT (En ) we have
$+27T’)/w7N ¢ EN70. Define ENJ' = {(3}4—27‘("}/@.71\[) e SNJ‘}, and By = U;?ilEN,j.
Asin the case of E1, since Ey ; is 2r—translation congruent to Sy j, we immediately
see that Ey is 27- translation congruent to Sy. Also, since En ; C ATENJ-_l for
j>0,and Eno = U ' E;. we have that (UL, Ej) € AT(UILE)).

We let £ = U2 1E Our inductive procedure guarantees that £ C AT E, that
E; is 2m- translatlon congruent to S;, and that the E; are pairwise disjoint. Let
‘7}, = L*((AT)PE), p € Z. 1t follows from Lemma 1.4 that {V,} is a (subspace)
GMRA. If, in addition, every x € R" is of the form z = (AT)"y for some y € A
and r € Z, write y = (AT)%w for w € F and s > 0 to obtain z = (AT)""*w, with
w € ANF C E. Again by Lemma 1.4, we see that {V,} is a full-space GMRA in
this case.

Given a multiplicity function that satisfies conditions (1) and (2), there may be
many associated GMRA’s. For example, m = 1 is associated to all possible MRAs.
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For each allowable multiplicity function, the proof of Theorem 1.5 gives an explicit
technique for building one of the associated GMRA’s. By an argument similar to
Lemma 1.1, we can also use the construction in the proof to build a tight frame for
our GMRA, by taking qi;j = XE,-

GMRA EXAMPLES. For the trivial case of m = 1, conditions (1) and (2) are
always satisfied, so the proof of Theorem 1.5 gives a method for building a full-space
MRA for an arbitrary dilation in any dimension. If [-7,7)" C AT ([~7,7)"), then
the construction ends with Ej g, and we have that XZ = L2((AT)/[—m,m)") and
that V; has scaling function ¢ with ¢ = X[—n,x)n- If, on the other hand, [-m,7)" ¢
AT([—m,7)™), then the construction must take E1 o = F to be a proper subset
of [—m,m)", and the other Ej;’s are not all empty. For example, if in L?(R?),
A= _22 _32) then F cannot be taken to be [—m, )2, but it can be taken to be
the parallelogram with vertices at +(2,1), £(2, 3). The construction in the proof of
Theorem 1.5 then leads to a polygon E; with vertices at +=(m, 7 —4), £(7, 37 — 4),
+(4 —m,m), and £(m — 4, 7). We have an MRA with Vo = L?(E;) and scaling
function ¢ with (,ZAS = XEg-

If we pick a proper subset B C [—7, m)™, then m = xp may or may not satisfy the
two conditions of Theorem 1.5. However, it will if we take B to be a neighborhood
of the origin such that B C AT B. The theorem then gives a full-space GMRA with
Vo = L2(B), and a frame (no scaling function exists) consisting of translates of ¢
with ¢ = XB-

To get GMRA’s with higher multiplicities, we can, for example take m(z) =

2 if z€B
1if z¢B>

satisfied. Condition (1) follows since there are always at least two terms on the left

where B is any subset of [—7,7)™. Since A = R", condition (2) is easily

hand side, each of which is at least 1. For example, if we again let A = ( 32 32>

in L2(R?), and let B be the parallelogram with vertices at 4-(2, 1), £(2, 3), then the
construction gives F; as before a polygon with vertices at &(m, 7 —4), (7, 37 —4),
+(4—m,m), and +(m —4, 7). The next level of construction, Fs, is the union of two
parallelograms R and — R, where R has vertices (27 — 2,27 — 1), (2 — 2,27 — 3),
(27,27 — 1) and (27,27 + 1). The GMRA, given by V; = L2(E; U Es), has frame
consisting of translates of ¢; and ¢o with (;31 = XxE, and qASQ = XEs-

WAVELETS AND THE MULTIPLICITY FUNCTION

We now apply the results of the previous section to wavelets. In our context, a
wavelet is defined as follows:

DEFINITION. A wavelet is a vector ¢» € L?(R") such that the collection
{67(y(¢))}, for j € Z and v € T forms an orthonormal basis for L?(R"™). The
vector 1 is called a subspace wavelet if these vectors form an orthonormal basis for
a subspace of L?(R"™).

It is not difficult to show that every wavelet has an associated GMRA, with V;
equal to the closed linear span of the vectors 6% (y(v))) for k < j and v € . If we
write V1 = Vo @ Wy, translates of the wavelet ¥ then give an orthonormal basis for
Wp. The representation of I' on Wy has multiplicity function identically equal to 1.
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Thus if we analyze the representation of I' on each piece as in Lemma 1.3, we get
the consistency equation:

(1) > m(y) = m(z) + 1
ye[—m,m)":ATy=x mod 27

This consistency equation can be shown to give a necessary and sufficient con-
dition for a GMRA to have an associated wavelet:

THEOREM 2.1. If v is a wavelet in L*(R™), then the collection of subspaces
{VJ = sp{oF(v(¢)) 1 k < j,v € I‘}} is a generalized multiresolution analysis, whose

multiplicity function m satisfies the following consistency equation a.e. on [—mw, m)™:

(1) > m(y) = m(z) +1

yE[—m,m)":ATy=x mod 27

Conversely, if {V;} is a generalized multiresolution analysis of L?(R™) whose
multiplicity function m is finite a.e. and satisfies the consistency equation (1') a.e.
on [—m, 7)™, then there exists a vector i in the subspace Wy that forms a wavelet for

L2(R™), with {VJ =sp{o*(v(v)) 1 k < j,v € I‘}} The analogous statements hold
for subspace GMRA’s and subspace wavelets.
Proof. see [BMM]

Putting this result together with Theorem 1.5, we have the following necessary
and sufficient conditions for an integrable function m : [—7, 7)™ +— {0,1,2,---} to
determine a wavelet:

THEOREM 2.2. Letm be an integrable function mapping [—m, ™)™ into {0,1,2,- - -
There exists a (subspace) wavelet whose multiplicity function is m if and only if

(1) > m(y) = m(z) +1

y€[—m,m)":ATy=x mod 27

(2) Z xa(x + 2my) > m(z).

jer

Proof. The statement follows immediately from Theorem 1.5 and Theorem 2.1.

Given a function m which satisfies these two properties, we can build a wavelet
by first using the proof of Theorem 1.5 to build a set E such that {V;} given
by V; = L2((AT)IE) is an associated GMRA. Then since Wy = L2(W) where
W = ATE\ E, we can take ¥ = yw. A wavelet ¥ such that |TZJ| = xw for some
set W C R™ is called a minimally supported frequency (MSF) wavelet; W is called
a wavelet set. Thus we have the following corollary:

COROLLARY 2.3. Ifm is an integrable function which is the multiplicity func-
tion for any wavelet in L?(R™) then it is the multiplicity function for an MSF
wavelet in L?(R™).
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REMARK. For dilation by 2 wavelets in L*(RY), the multiplicity function has
been shown ([W]) to equal the dimension function

Dy(x) =Y > 192 (a + 2mk))

j=1kez

which was introduced by Auscher in [A]. Calogero [Ca] has generalized the dimen-
sion function to dilation by arbitrary expansive matrices in L*(R™), and used it
to characterize MRA wavelets in this more general context. Recently, Rzeszotnik
and Speegle ([RS]) gave necessary and sufficient conditions for a function map-
ping [—m,7) to {0,1,2,---} to be the dimension function of a dilation by 2 wavelet
in L*(RY). Their conditions are equivalent to those of Theorem 2.2 for full space
wavelets in this special case, and they obtain the corresponding special case of Corol-
lary 2.3.

WAVELET EXAMPLES. The MRA examples explored in the previous section
satisfies the consistency equation (1’) if and only if det(A) = 2, since in this case
there are exactly two terms on the left-hand side. Thus, in this case, our con-
struction in the previous section can also be used as construction of MSF wavelets.
In particular, this gives a new proof of a result by Gu and Han [GH] that MRA

MSF wavelets always exist for expansive matrices of determinant 2. The particular

2if z€B
1if vgpo 10T

B a measurable subset of [—7, 7)™, can never have an associated wavelet. This can

higher multiplicity example of a GMRA given in Section 1, m(z) = {

be seen by integrating the consistency equation to get u(E) = % < (2m)™.
Thus a wavelet multiplicity function that takes on values greater than 1 must also
take on the value 0.

New examples of wavelet sets with varying multiplicities can be easily found by
building a solution m to the consistency equation and then checking that it satisfies
equation (2) as well. In [BMM] we use the consistency equation in this way to to
give a technique for building all wavelet sets in L?(R™), and go on to construct
several examples.
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