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1. A subset E of a metric X space is compact if every sequence {z,} in F has a
subsequence that converges in E. Suppose E is finite, i.e., E = |J,_,{ax} and
let {z,} be a sequence of points in E. So, each x, equals one of the points
ay of E. Let By, = {n € Z"|z, = ax}. Then, |J;_, B, = Z*. Since Z* is
infinite, one of the Ej’s is infinite. Write this set Ej as {ni,ng,--- ,n;,---}
where n; < nj;q forall j =1,2,--- 00, The sequence {y,, Tny, -+, Tny, - }
converges since it is the constant sequence.

2. Let (X, d) be a metric space and A = (U,—, {sk}) U{s} a subset of X. We
must show that the complement of A (i.e., X — A) is open. Let zx € X — A.
In particular, z* # s. Let e; = d(x*,s)/2. There is an ng € Z* such that
d(s,x,) < € for n > ng. By the triangle inequality x, ¢ B(z%;¢). Let eo =
min {d(z*, x1),d(z*, ), -+ ,d(x*,2,,)} and € = min{ey, e2}. By construction

B(zx;e) (A= 0.
3. The proof assumes the definitions of limit inferior and limit superior.

bn = supys,{se} > infr>n{si} = cn

Also, b, > b,1 and ¢, < ¢,41 for all n

Suppose inf{b,} < sup{c,}; then there exists an m such that b, < sup{c,}
By a similar argument, there is a p such that ¢, > b,

Let ¢ = max{p, m}; it follows that ¢, > ¢, > b,, > b, which contradicts ¢, < b,.



